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Abstract
We study the properties of black-holes (BHs) that are out of equi-
librium about the Hartle-Hawking (HH) vacuum state. We show how
gravitational perturbations excite the vacuum state, thus making it
a superposition of states, which eventually leads to additional exci-
tations. We examine the vacuum state structure in the presence of
time-dependent gravitational perturbation. As a result, we determine
the vacuum state evolution and calculate the semi-classical modifica-
tions to the particle occupation number of the emitted particles. We
demonstrate that the quantum emission in BHs that are far away from
equilibrium is comparable and even larger than the Hawking radiation.
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1 Introduction
The vacuum state properties in curved spacetime and especially for Schwarz-
schild BHs were thoroughly studied at [1, 2, 3, 4, 5]. There it is shown in
the semi-classical approach, in which the matter fields are quantized about a
fixed curved background. That the vacuum expectation value (VEV) of the
quantized matter fields is non-vanishing, rather the short distance behavior
of the fields product in the stress energy momentum (SEM) tensor makes the
VEV divergent. In general, the finite value of the SEM tensor VEV is at-
tained when considering appropriate regularization techniques. The method
considers the appearance of higher-order curvature correction terms in short
distances [5, 6, 7, 8, 9, 11], this eventually leads to a cancellation of the inher-
ent infinities and a finite VEV. This indicates that in curved backgrounds, the
creation of particles from the vacuum is possible as well as other interesting
phenomena, which implies that the vacuum state properties in curved space
are non-trivial. In this paper, we investigate its properties for the spherically
symmetric Schwarzschild BHs that are out of equilibrium.
Here, as a continuation of the authors previous work [12]. We elaborate
on some of the calculations and apply them to examine the modifications
to the HH vacuum state in BHs that are out of equilibrium. The BHs are
perturbed by a gravitational external source where in general, the source for
the perturbation is irrelevant. Here, we show how gravitational perturbations
that are coupled to the quantized matter fields, modify the vacuum state thus
leading to additional excitations and modified particle occupation number.
Furthermore, we examine the quantum states of these excitations and identify
their structure in the wave-packet basis. Then, we demonstrate how large
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deviations from the Schwarzschild background leads to an amplified Hawking
radiation.
The paper is organized as follows, in the first part we consider the pres-
ence of an external weak gravitational field, then, in the interaction picture,
we demonstrate how the vacuum state time evolution is dictated by the ex-
ternal field. In the second part, we examine the time-dependent vacuum
state and interpret it in terms of excited energy states and also identify the
explicit terms that govern the vacuum excitations. These terms are found to
be divergent, we avoid the divergence by using the known result of the renor-
malized SEM tensor from the literature. Then, we establish the theoretical
framework that describes the geometry of BHs that are out of equilibrium.
Next, we calculate the vacuum state time evolution and its associated energy
which eventually enables the calculation of the modified particle occupation
number. In the last part, we estimate the modifications to the Hawking ra-
diation for the case of BHs that are strongly perturbed. We show the large
background deviations lead to a quantum emission that is comparable or even
larger than the Hawking radiation. In the Appendix, for completeness, we
calculate directly the renormalized value of the divergent terms that govern
the vacuum excitations.
2 Time evolution in perturbed backgrounds
Here, we discuss the consequences of gravitational perturbations about the
HH vacuum state of stationary BHs. Particularly interesting is the vacuum
state time evolution in the presence of external perturbations and its impli-
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cations about the matter field excitations. For simplicity, we consider the
case of a minimally-coupled massless scalar field in vacuum whose matter
action is given by1
SM =
1
2
∫
d4x
√−ggab∇aφ∇bφ . (2.1)
We consider gravitational perturbations about the background Schwarzschild
metric. Then g¯ab = gab+hab where the perturbation is assumed to be small
|hab| ≪ 1, which implies that the expansion of the matter fields action to
first order is given by
δS(t)M =
1
2
∫
d4x
√−gHab∇aφ∇bφ , (2.2)
where Hab = hab− 12gabhcc, and also |hab| ≪ 1. The application of the external
time-dependent perturbation in some early time divided the quantum states
of the fields into two distinct states, namely the in and out states. In general,
in curved spacetime even in the absence of perturbations the in and out states
are distinct such that particles are produced. Therefore it is obvious that
in the presence of external perturbations the number of particle excitation
increases, as we demonstrates below.
To realize how gravitational perturbations modify the HH vacuum state,
we find the amplitude of the time-dependent in state to the time-independent
out state, namely the 〈out, 0|0, in〉t. Then, in the interaction picture, where
the explicit time-dependence of the in state is assigned to the corresponding
time-dependent operator δSˆ(t)M , the time promotion operator is identified
as Uˆ = eiδSˆ(t)M , so the in state time evolution is given by
|0, in〉t = eiδSˆ(t)M |0, in〉 . (2.3)
1The generalization of the other spin fields is given below.
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In general, the expression for the time promotion operator appears naturally
when considering the vacuum persistence amplitude (VPA) in the presence
of external source term Z[J ] = 〈out, 0|0, in〉J . Where in the gravitational
context, the analog of the external source term J is the gravitational pertur-
bation hab, so Z[h] = 〈out, 0|0, in〉h. We assume a quasi-static perturbation
such that it is adiabatically switched on at some early time in the past in
region2. Then the VPA can be written as [6, 7]
〈out, 0|0, in〉h = 〈out, 0|T exp
[
i
2
∫
dt
∫
d3x
√−gHab∇aφˆ∇bφˆ
]
|0, in〉 ,
(2.4)
where T stands for temporal order. Following the definition of the effective
action 〈out, 0|0, in〉 = eiW , the generating functional becomes
Z[h] = eiW 〈e i2
∫
d4x
√−gHab∇aφˆ∇bφˆ〉
≈ eiW e i2
∫
d4x
√−gHab〈∇aφˆ∇bφˆ〉ren .
(2.5)
Where in the second line we approximate according to |Hab| ≪ 1.
Then, by expanding the time promotion operator of the in state to first
order in the perturbation we obtain
〈out, 0|0, in〉h ≈ eiW
(
1 +
i
2
∫
d4x
√−gHab〈∇aφˆ∇bφˆ〉ren
)
. (2.6)
Where the ren indicates that the renormalized VEV has to be considered.
The reason is that in curved spacetime, a straightforward calculation of the
VEV is divergent and therefore must be renormalized. In general, the diver-
gent terms in the matter action are geometric and can be absorbed into the
2Below we show explicitly that the time scale associated with the gravitational per-
turbation is significantly larger than the Schwarzschild time scale, which agrees with the
quasi-static assumption.
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gravitational action, which includes the appearance of the higher-order cur-
vature correction terms [5, 8, 9, 11]. This eventually leads to the cancellation
of the inherent infinities and to a finite VEV that is labeled as 〈∇aφˆ∇bφˆ〉ren.
Where for the HH vacuum state the effective action is defined by the
partition function as
iW = lnZ[0]
= −
∑
j
ln
(
1− e−ωj/TH) . (2.7)
The particle occupation number is given by
Nj =
1
eωj/TH − 1 . (2.8)
It is now clear that the first term in Eq. (2.6) describes a thermal state with
the Hawking temperature T −1H = 8piM and a black-body emission spectrum,
whereas second term is a modification to the Hawking term induced by the
external perturbation.
2.1 Vacuum state excitations
To proceed, we show explicitly how the external gravitational source modify
the VPA. First, we expand the field operators in terms of their corresponding
creation and annihilation operators,
φˆin =
∑
j
(aˆjuj + aˆ
†
ju
∗
j), (2.9)
the in vacuum is associated with an early time, unperturbed state that is
defined by aˆi|0, in〉 = 0, and also by the modes uj which denote the corre-
sponding positive-energy ingoing propagating mode solutions in the in region.
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Then, the expansion of Eq. (2.6) in the field operators reads,
〈out, 0|0, in〉h ≈
[
1− i
2
∑
i,j
δij
∫
d4x
√−gHab∇auj∇bu∗i
]
ren
〈out, 0|0, in〉
−
[
i
2
∑
i,j
∫
d4x
√−gHab∇au∗j∇bu∗i
]
ren
〈out, 0|1i, 1j, in〉 .
(2.10)
Obviously, the transition amplitude is a sum of three distinct terms that stem
from different origins. The first term is the unperturbed partition function
eiW , which in the case of the HH vacuum state describes a BH in thermal
equilibrium with a black-body spectrum. This term is being recovered in the
absence of perturbations Hab = 0. The additional two contributions, emerge
in the presence of external perturbation, are essentially modification to the
Hawking radiation. The first contribution to the amplitude takes the form
of the HH vacuum state augmented by a perturbative dependent factor and
a second contribution that describes an initial non-vacuum state composed
of an excited pair particle state.
Next, to reveal the composition of Eq. (2.10), in particular the excited
pair particles state which is not proportional to the effective action. We
decompose the excited in eigenstates in terms of the vacuum out eigenstates.
Where the in to out transformation is given by the Bogoliubov coefficients,
then following [3, 4, 6] the decomposition takes the form
〈out, 0|1l1, 1l2, . . . . . . , 1lm−1, lm, in〉 =
− im/2+1〈out, 0|0, in〉
∑
{l1...lm}
∑
k
βkl2α
−1
kl1
· · · · · ·βklmα−1klm−1 m even,
(2.11)
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and vanishes for m odd. The indices {l1 . . . lm} represent a sum over all
distinct permutation of {l1 . . . lm}. The Bogoliubov coefficients βkli+1α−1kli de-
fines the representation of particles in the in state with momenta li+1, li to
the vacuum out state. To demonstrate that, we consider the expansion of
the field operators in terms of the positive-energy mode solutions in the out
region
φˆout =
∑
j
(bˆj u¯j + bˆ
†
j u¯
∗
j) , (2.12)
where now the out vacuum is defined by bˆi|0, out〉 = 0, and the u¯i are its
analogous positive frequency outgoing propagating modes. Then, the Bo-
goliubov transformation defines the expansion of the in and out modes and
their associated operators by
ui =
∑
j
(
α∗jiu¯j − βjiu¯∗j
)
, uj =
∑
i
(αjiui + βjiu
∗
i ) , (2.13)
ai =
∑
j
(
αjibˆj + β
∗
jibˆ
†
j
)
, bˆi =
∑
j
(
α∗jiai − β∗jia†i
)
. (2.14)
For the specific case of a pair particles state as in Eq. (2.10), we consider
particles with momenta l1, l2, so the expansion of Eq. (2.11) takes the simple
form
〈out, 0|1i, 1j, in〉 = 〈out, 0|0, in〉
∑
k
βkjα
−1
ki . (2.15)
Applying these relations, Eq. (2.10) can be written as
〈out, 0|0, in〉t =
[
1− i
(∑
m,n
δmnAmn +
∑
i,j,k
Bijk
)]
eiW , (2.16)
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and the renormalized coefficients Amn, Bijk are defined as
Amn =
[
1
2
∫
d4x
√−g Hab∇aum∇bu∗n
]
ren
, (2.17)
Bijk =
[
1
2
∫
d4x
√−g Hab∇au∗j∇bu∗iβkjα−1ki
]
ren
. (2.18)
Noticing that in the absence of perturbations Amn, Bijk = 0, the transition
amplitude reduces to 〈out, 0|0, in〉 = eiW . As previously mentioned, ren
implies that these terms are divergent and their infinites need to be discarded
through an appropriate renormalization procedure, so eventually only finite
pieces of the integrals are involved. To show that, we explicitly solve the
EOM for a massless free scalar field in Schwarzschild spacetime φˆ = 0 and
find its asymptotic mode function solution uj, [13]
ujlm =
Ylm√
4piωjr
e−iωjv , (2.19)
as well as their corresponding Bogoliubov coefficients Eq. (2.13)
αki = tke
i(ωk−ωi)v0Γ
(
1− iωk
κ
)(ωi
ωk
)
(−iωi)1−i
ωk
κ e
piωk
2κ . (2.20)
Where κ = 1/4M and tk is the transmission coefficient of the mode ωk that
is determined by the matching conditions about the potential barrier [10].
v0 is the horizon formation time according to the collapsing shell model [13].
In this case, the perturbation is switched on for a time interval ∆v = vf − vi
at some early enough time vf < vo. Then in the presence of perturbation,
additional radiation is being emitted, which eventually arrives to infinity.
Another important identity is the relation between the coefficients αik
and βik which is given by
βkj = − iαk,−j , αki = iβk,−i (2.21)
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With these relations, it is possible to show that Amn ∼ ω so its mode space
summation leads to a quadratic divergence ∼ ω2, whereas the divergence of
the Bijk term is not obvious and its expression must be further simplified in
order to be noticed (for a detailed demonstration see Appendix A). As a con-
sequence, we have to subtract these infinities by introducing an appropriate
renormalization procedure, where here the proper technique for discarding
the infinities in the mode space representation is the adiabatic mode sum
regularization [14, 15].
To understand the behavior of the higher-order terms Eq. (2.16) and es-
pecially that of the Bijk term, we examine the transformation factor βkjαki
−1
in its mode space representation. This term is also considered as the annihi-
lation amplitude as implied by Eq. (2.15). To illustrate this, we first assume
that the matrix αki is diagonal, as in the Hawking case, this assumption
relies on a direct calculation of the off-diagonal terms in the αki matrix. As
demonstrated in [16], where it is shown that the leading order terms of the
off-diagonal matrix elements αki are essentially correction terms to the power
one in the perturbation strength. Therefore, the inclusion of the off-diagonal
correction terms in the αki matrix leads to a negligible second-order correc-
tion in the expression of the Bijk integral. Hence, we consider that both αki
and βkj are diagonal. Then, in the Fourier basis the annihilation term takes
the form
βkj
αki
= − ei(ωi+ωj)v0
(
ωj
ωi
)−1+iωk
κ
e−
piωk
κ
= − ei(ωi+ωj)v0
(
ωi
ωj
)
e
i
ωk
κ
ln
ωj
ωi e−
piωk
κ .
(2.22)
The exponential dependence suggests that the majority of particles in the
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excited in state are annihilated by the corresponding particles in the vac-
uum out state with energy levels ωk . κ. Whereas the contribution of the
energetic particles with ωk > κ is attenuated by the exponent term. To see
that, we approximate the ωk summation in the high frequency regime ωk > κ∑
ωk&κ
e
i
ωk
κ
ln
ωj
ωi e−
piωk
κ ≈
∑
ωk&κ
e−
piωk
κ , (2.23)
on the other hand, for the regime ωk < κ the sum becomes∑
ωk<κ
e
i
ωk
κ
ln
ωj
ωi e−
piωk
κ ≈
(
pi + iln
(
ωi
ωj
)) ∑
ωk<κ
ωk
κ
+O
(ωk
κ
)2
, (2.24)
which constitutes most of the contribution.
To proceed, the calculation of the sum is performed by converting the sum
into integral. According to [13, 16], to do that we sum over wave packets that
were emitted during the presence of the external perturbation, such that the
duration of the perturbation ∆t is long enough in comparison with the wave
packet mode width. Then, in the wave packet basis the sum is converted
into an integral according to∑
j
→ ∆t
2pi
∫
dωj . (2.25)
Therefore∑
k
βkj
αki
= − ∆t
2pi
ei(ωi+ωj)v0
(
ωi
ωj
)∫
e
i
ωk
κ
ln
ωj
ωi e
piωk
κ dωk
= − ∆t
2pi
ei(ωi+ωj)v0
(
ωi
ωj
)
κ
pi
(
1
1− i
pi
ln ωi
ωj
)
.
(2.26)
In the following section we demonstrate the calculation of the integral coeffi-
cients, the rest of the derivation of the amplitude coefficients is given in the
Appendix A.
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2.2 Integral coefficients
Next, in order to calculate the expression Eq. (2.16) we express Eq. (2.4)
in terms of the stress-energy-momentum tensor (SEM), recalling that the
matter fields variation is related to SEM tensor by
δSM =
√−g
2
habT
ab, (2.27)
and by substituting this expression back into Eq. (2.6) we get
〈out, 0|0, in〉h ≈ eiW
(
1 +
i
2
∫
d4x
√−ghab〈T ab〉ren
)
. (2.28)
Thus, the perturbation dependent terms in Eq. (2.16) can be written as
− 1
2
∫
d4x
√−ghab〈T ab〉ren =
[∑
m,n
δmnAmn +
∑
i,j,k
Bijk
]
ren
. (2.29)
Now we consider the VEV of the RSEM (renormalized SEM) tensor, about
the Hartle-Hawking vacuum state which accounts to a situation where a BH
is immersed in a thermal bath with an infinite sea of black body radiation.
The RSEM tenor is attributed to all fields species, in particular for the above
mentioned minimally coupled scalar as well as the other spin fields. So,
the finite contribution of the perturbation dependent term can be easily
calculated by considering the appropriate VEV of the RSEM tensor that
is given at [11]. We stress that the RSEM (renormalized SEM) tensor is
attributed to all field species. Especially for the above mentioned massless
scalar field we have
T ab =
1
2
∇aφ∇bφ− 1
4
gab∇cφ∇cφ . (2.30)
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3 Gravitational perturbations
In the following section, we establish the theoretical framework that describes
the geometry of a tidally deformed BH. Here we consider the case of a BH that
is slightly perturbed, the specific details of the mechanism are unimportant.
The source for the perturbation can be either due to the inspiral of a BH
with other remote compact objects or by the post-merger event where the BH
is relaxing to equilibrium or by a small injection of energy. The important
issue is that the gravitational perturbations that deform the BH horizon and
excites the vacuum state eventually increase in the matter field excitations.
3.1 Geometry of Black-holes out of equilibrium
Here we are particularly interested in the realistic scenario of perturba-
tions that are generated during the inspiral of BH with an external equal
mass remote compact object. However, since the evaluation of the integrals
Eqs. (2.17),(2.18) involves the entire Schwarzschild spacetime, including the
coordinate divergence in RS = 2M , we must require a well-defined pertur-
bation at this point. A unique description for this deformed geometry was
formulated by Poisson [17, 18, 19, 20], who found by applying a specific co-
ordinates gauge, the so called horizon locking gauge, a description for the
metric perturbation that is finite about the horizon. Before writing down
the explicit expression for the metric of a BH that is tidally deformed, we
briefly review the analogous description of inspiralling binaries.
The idea is that the spacetime of a non-rotating BH of mass M is per-
turbed by a remote equal mass moving object. The companions relative
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distance is b ≫ RS, so the binary period time scale T ≈
√
b3/M is sig-
nificantly larger than the typical Schwarzschild time scale T ≫ RS, which
implies that the two objects are weakly interacting the therefore their or-
bits are slowly varying and well described by a circular orbit with an orbital
velocity v =
√
M/b. We also stress that modifications to the background
Schwarzschild metric as a result of deformation in the horizon are significant
at the BH vicinity, which is defined by RS < r <
√
bRS [21]. Another rel-
evant scale is the associated length scale of the characteristic time scale T ,
referred as the radius of curvature R = T that satisfy rmax ≪ R, so for a
radial distance r < rmax from the BH center we get r/R ≪ 1. For a more
detailed description we refer the readers to [22]. Here we label the maximal
radius where the metric perturbation is valid by rmax =
√
bRS, where for
r > rmax deformations in the BH horizon induce negligible corrections to the
background metric that are higher order in the parameter r/R [17].
The perturbed metric is considered about the non-rotating Schwarzschild
background in the outgoing Eddington-Finkelstein (EF) coordinates whose
line element is given by
ds2 = − f(r)du2 − 2dudr + r2dΩ2 (3.1)
where f(r) = 1−2M/r. The metric perturbation is given as an expansion in
the dimensionless parameter r/R ≪ 1 that is kept fixed. Here we only list
the first non-vanishing term in the expansion, which as explained in [12, 17]
is the contribution of the quadrupole moment l = 2 and constitutes the
dominant contribution to the GW emission. The higher-order terms are the
octupole moment l = 3 of order ∼ (r/R)3/2 and the l = 4 hexadecapole
moment ∼ (r/R)2. We also find that due the spherical symmetry of 〈T ab〉ren
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and the fact that the azimuthal components of hab are traceless, the relevant
term that is obtained by the contraction hab〈T ab〉ren in Eq. (2.28) involves
only the uu components. Then, in the vicinity of the BH horizon, the metric
perturbation takes the form
huu = −
(
1− 2M
r
)2
r2
R2 (3.2)
4 Calculations
Following the geometric description that is given above, our main purpose
in this section is to evaluate the modifications to the particle occupation
numbers for BHs that are out of equilibrium. In order to do that we first
specify the vacuum state time evolution Eq. (2.28) as given below.
4.1 Vacuum state time evolution
To determine the time evolution ot the vacuum state we recall Eq. (2.4) and
compare it to the general time evolution expression |0, in〉t = e−i
∫ t
0
dt′〈∆Eˆ〉|0, in〉 .
In this form we identify the energy difference 〈∆E〉
〈∆E〉 = − 1
2
∫
d3x
√−ghab〈T ab〉ren . (4.1)
The excess energy of the time-dependent vacuum state with respect to the
stationary initial vacuum state is supplied by the external gravitational per-
turbation. It is considered as the total energy gained by the matter fields as
a result of the gravity-matter coupling hab〈T ab〉.
Because of the spherical symmetry of RSEM tensor and since the angular
components of hab (the hAB part) are traceless, the only relevant components
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of the RSEM tensor for spin zero particles in the HH vacuum state are [11]
〈T tt〉0ren =
pi2
30
T 4
(
24
(
2M
r
)6
− 1− (4− 6M/r)
2(2M/r)6
(1− 2M/r)2
)
, (4.2)
〈T rr〉0ren =
pi2
90
T 4
(
24
(
2M
r
)6
+
1− (4− 6M/r)2(2M/r)6
(1− 2M/r)2
)
. (4.3)
Transforming the outgoing EF coordinates to Schwarzschild coordinates,
we find that huu = htt = hrrf(r)
−2, and the summation yields habT ab =
huu (T
r
r − T tt) f(r)−1.
For the integration limits, we point out that the RSEM tensor is defined in
the exterior BH region, which sets the integral lower bound r > RS . The up-
per bound is determined according to the validity region of the deformed BH
metric Eq. (3.2). Therefore the major contribution to the integral Eq. (4.1)
emerges from the BH vicinity RS < r <
√
bRS and in terms of the orbital
velocity
√
bRS = RS/v. We stress that as a result of the post-Newtonian
expansion in the vicinity of the BH, the contribution to 〈∆E〉 from the far
regions r > RS/v induce higher order corrections to the background metric
than that of Eq. (3.2) and therefore can be neglected. We calculate the ex-
cess energy that is prominently governed by the quadrupole l = 2 modes as
dictated by the metric perturbation Eq. (3.2), we label it as 〈∆E〉s2 where
s denotes the spin of the different matter fields that are expressed by the
RSEM tensor. Then, for spin zero scalar particles3
〈∆E〉0 = − 1
2
∫ RS/v
RS
d3x
√−ghab〈T ab〉ren
≈ TH
900
(
v +
5
4
v2 +O(v3)
)
,
(4.4)
3We use the approximation 〈∆E〉s2 ≈ 〈∆E〉s since most of the energy stems from the
l = 2 quadrupole perturbation Eq. (3.2).
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where for spin half neutrinos 4 and spin one photons we obtain
〈∆E〉1/2 ≈ 7
2
〈∆E〉0 , (4.5)
〈∆E〉1 ≈ 13〈∆E〉0 . (4.6)
For the total energy gained by the vacuum state as a result of horizon defor-
mation we get
∑
s〈∆E〉s ≈ 150THv.
4.2 Modified particle occupation number
Next, to evaluate the particle occupation number, we calculate the perturbed
partition function. The calculation of the partition function is carried out
by recalling that in equilibrium it is in a thermal state with a characteris-
tic temperature TH and it is given by Eq. (2.7). Where in the presence of
perturbations, the partition function is approximately thermal and charac-
terized by a black-body spectrum and a modified temperature T˜ . According
to Sec. 3.1, the thermalization occurs due to the long duration of the pertur-
bation ∆t ∼ T and since it is slowly varying in time such that the system
reaches thermal equilibrium. Then, the partition function and its associated
states are thermalized with a modified characteristic temperature T˜ . Under
these assumptions, the modified partition function takes the form of Eq. (2.7)
by the replacement TH → T˜ . Then, from the relation between the effective
action and the particle number occupation Eq. (2.8) we obtain
ImW˜ ≈
∑
l
ln(1 + N˜l)
= −
∑
l
ln
(
1− e−ωl/T˜
)
.
(4.7)
4All flavors are assumed to be massless
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Where W˜ is the modified effective action, which is evaluated about the Eu-
clidean time by
W˜ = W + 1
2
∫
d4x
√−ghab〈T ab〉ren , (4.8)
and N˜l is the modified particle occupation number which is approximately
given by a Planck spectrum with a characteristic temperature T˜
N˜l ≈ 1
eωl/T˜ − 1 . (4.9)
To evaluate T˜ we convert the sum in Eq. (4.7) to an integral according to
Eq. (2.25), this leads to
−
∑
j
ln(1− e−ωj/T˜ ) = −∆t
∫ ∞
0
dωjln(1− e−ωj/T˜ ) = ∆tpi
2T˜
6
, (4.10)
where the non-perturbed effective action is given in terms of the Hawking
temperature by ImW = ∆tTHpi2/6, which brings Eq. (4.8) to the form
∆t
piT˜
12
= ∆t
piT
12
+
∆t
2
∫
d3x
√−ghab〈T ab〉ren . (4.11)
Then, we combine the results of W˜ and W and also Eqs. (4.4)-(4.6), which
eventually yields the modified temperature of the perturbed HH vacuum
state for the different kinds of matter fields
T˜ ≈ TH
(
1 +
6
25pi
v
)
(4.12)
To understand how significant are the modifications to the particle oc-
cupation number, we examine the ratio ∆Nl/Nl where ∆Nl = N˜l − Nl and
expand it to first order in |∆T | = TH 6v25pi which for non-relativistic velocities
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∆T/TH ≪ 1 reads
∆Nl
Nl
≈ ωl/TH
1− e−ωl/TH
6
25pi
v
=
1
1− e−ωl/TH
ωl∆T
T 2H
.
(4.13)
It is clear that for the low frequency regime ω << TH we get ∆Nl/Nl ≈
∆T/TH ≪ 1 so the gravitational perturbation induce negligible corrections.
For the regime ω ≈ TH we get ∆Nl/Nl ≈ v/8. An increment in the particle
occupation number implies that ∆Nl/Nl > 1 and it is being displayed for the
frequency regime ω∆T & T 2H , or in term of the velocity ωl
6v
25pi
& TH , therefore
gravitational deformations induce considerable modifications to N˜l.
5 Amplified Hawking radiation
Here, we estimate the modifications to the Hawking radiation when the BH
is far away from equilibrium, as in the case of BHs collision. We show that
when BHs collide, the quantum emission becomes comparable or larger than
the Hawking radiation. In this case, since there is no analytic expression for
the geometry of colliding BHs, it is only possible to estimate the amplified
quantum radiation.
5.1 General arguments
We consider the emission of GWs during the merger event of a BH with
another massive object. We will not restrict the emitted GWs amplitude to
be small, so non-linear effects are present. The only requirement is that the
GWs are evaluated far enough from the emitted source r ≫ RS, so the waves
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propagate in empty space and the EOM are source free. Hence, following
the description [23], in the far-field approximation r ≫ RS the dominant
GW amplitude takes the form h ∼ 1
r
f(M,RS, χ,∆RS), where the function
f(M,RS, χ,∆RS) encodes the information from the collision event, such as
the spin χ and ∆RS that measures the radial deviations of the deformed to
the stationary horizon.
We emphasize that in order to demonstrate the amplification of the quan-
tum emission such that it is not a correction to the Hawking radiation, there
is no need to consider the contribution from the higher-order gravitational ef-
fects. Rather at r ≫ RS, it is sufficient to consider the contribution from the
Spherically symmetric Schwarzschild background. Moreover, although con-
siderable contributions are ignored, the subtracted remaining contribution
from the Schwarzschild background leads to an amplified quantum emission.
To estimate the magnitude of the GW at an arbitrary distance r from the
source, we recall that at a distance D from the source a detector on earth
experience a relative length deviation of h(D) ∼ ∆L/L ∼ 10−21. In addition
to h ∼ 1
D
f(M,RS, χ), we conclude that the wave amplitude at a distance r
scales as
h(r) ∼ ∆L
L
D
r
(5.1)
To evaluate this, for a relative deviation ∆L/L ∼ 10−21 and a distance
D ∼ 1Gpc the amplitude at r ∼ 10RS becomes h(10RS) ∼ 1.
Next, in order to estimate the magnitude of the emitted quantum radia-
tion and simplify the calculations we follow Sec. 2, where the massless scalar
field action is SM =
1
2
∫
d4x
√−ggab∇aφ∇bφ. In this case, the background
geometry is not explicit and can be described as an unspecified colliding
20
BH geometry labeled by (gab)C , an isolated Schwarzschild BH (gab)S and a
traveling GW about the background, so the background metric becomes
gab = (gab)S + (gab)C + hab (5.2)
In similar to Sec. 2, the modified metric Eq. (5.2) brings a gravity-matter cou-
pling term into the matter action. Here we are particularity interested in the
coupling of the kinetic term to the traveling GW metric hab
[
〈∇aφˆ∇bφˆ〉ren
]
S
,
where S indicates that the renormalized VEV is evaluated about the sta-
tionary Schwarzschild background. Next, in order to evaluate the measure
in the action integral we use the identity Det(g) ≥ Det(gS)+Det(gC), so
Det(gS) < Det(g). Also, since
[
〈∇aφˆ∇bφˆ〉ren
]
S
< 〈∇aφˆ∇bφˆ〉ren, we ignore
the non-analytical contributions to the matter action and define the sub-
tracted matter action
S˜M =
1
2
∫
d4x
√−gShab
[
〈∇aφˆ∇bφˆ〉ren
]
S
, (5.3)
which satisfies SM > S˜M . For convenience we approximate the kinetic term
by using the Schwarzschild SEM tensor Eq. (2.30)[
〈∇aφˆ∇bφˆ〉ren
]
S
=
[
〈T ab − 1
2
(
gab
)
S
T cc〉ren
]
S
.∣∣∣
r≫RS
≈ [〈T ab〉ren]S (5.4)
where the last equality stems from the SEM tensor trace anomaly [〈T cc〉ren]S ∼
1
r6
that provides a negligible contribution to the emitted radiation at the far-
field approximation [11]. Then, following Sec. 2 we obtain the associated
subtracted energy difference
〈∆E˜〉 = − 1
2
∫
d3x
√−gShab
[〈T ab〉ren]S . (5.5)
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To demonstrate the amplified radiation, we mention that the additional
energy gained by the vacuum 〈∆E˜〉 has an energy flux contribution that
radiates to infinity. This emitted radiation is given by the flux components
of the SEM tensor (the null components) which are given in EF coordinates
by T uu. Therefore the additional luminosity at a distance r is given by [12]
∆L˜ = − 1
2
∫
dΩr2|h(r)uu|〈T uu〉ren , (5.6)
then, at a distance r = 10RS from the merged objects h(10RS) ∼ 1, the
additional luminosity becomes
∆L˜
∣∣
r→10RS ∼
∫
dΩr2〈T uu〉ren ∼ LH (5.7)
The conclusion is that the additional luminosity at r = 10RS is of order of
the Hawking luminosity. Obviously for r < 10RS the additional luminosity
becomes larger than the Hawking luminosity since in this region |h(r)| >
1. The conclusion is that BHs that are far away from equilibrium induce
large background modifications that eventually generates amplified quantum
emission.
6 Summary and Discussion
In this paper, we examined the HH vacuum state properties of BHs that are
out of equilibrium. Following the semi-classical approach, we identify the
explicit expression for the vacuum state time evolution in the presence of
time-dependent gravitational perturbations. We find that terms that deter-
mine the vacuum state time evolution are divergent and can be calculated by
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introducing the renormalized SEM tensor5. Then, in Sec. 2.1 we analyze the
vacuum state structure in the mode representation in particular for the high-
frequency limit as well as for the other limits, which are governed by the ratio
βkj/αki. Then, we established the theoretical framework for the gravitational
perturbation, we adopted the horizon locking gauge in which the perturbation
is finite about the BH horizon. Following the geometric description, we de-
termined the vacuum state time evolution Eq. (4.1) and its associated energy
difference that is supplied by the external perturbation. Then, we evaluate
the modifications to the particle occupation number from the definition of
the partition function and the effective action. There we assumed that the
partition function is approximately thermal with a black-body spectrum and
a different characteristic temperature T˜ . It is important to mention that
the resulted modifications to the temperature and the particle occupation
number, are not quantum corrections that stems from additional fluctua-
tions, rather they should be viewed as a semi-classical modifications that
are reflected in the gravity-matter coupling of the gravitational perturba-
tion and the vacuum fluctuation of the matter fields in curved background
hab〈∇aφˆ∇bφˆ〉. In the last section, we estimated the modifications to the
Hawking luminosity when the BH is far from equilibrium, as in the case of
BHs collision. We show that when large curvature modifications are induced
to the unperturbed background, the quantum emission becomes comparable
or even larger than the Hawking emission. The results were estimated in
the far-field approximation and by ignoring the non-linear effect as well as
5The complete derivation of the divergent terms from Eqs. (2.18),(2.17) is given in the
Appendix A.
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additional fluctuation terms. The results suggest that in the vicinity of the
merged objects, where the geometric description is non-analytic and non-
linear effects are significant, the curvature modification to the background
becomes dominant, therefore the quantum emission is larger or comparable
to the Hawking radiation. As a consequence, it would be interesting to give
an exact estimation of the additional quantum emission and its observability
odds. Since, as demonstrated in Sec. 4.1 all particle species are emitted, in
particular photons and neutrinos. Then, perhaps in the extreme case of a
super-massive BHs collision, the emission of quantum origin is detectable.
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Appendix
A Renormalized Integral coefficients
In this appendix we calculate the integral coefficients that are given in
〈out, 0|0, in〉t =
[
1− i
(∑
m,n
δmnAmn +
∑
i,j,k
Bijk
)]
eiW (A.1)
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where the coefficients Amn, Bijk are defined by
Amn =
[
1
2
∫
d4x
√−g Hab∇aum∇bu∗n
]
ren
δmn, (A.2)
Bijk =
[
1
2
∫
d4x
√−g Hab∇au∗j∇bu∗iβkjα−1ki
]
ren
. (A.3)
Here we perform an explicit calculation of Amn, Bijk in the horizon locking
gauge. For simplicity, we consider a radially outgoing wave in the out region
with zero angular momentum l, m = 0. So its mode function is given in by
uj =
eiωju√
ωj
f(r) . (A.4)
Where f(r) is the radial dependence of the mode function6. It is unimportant
to know the exact values of f(r) for the calculation of the coefficients, as
shown below.
Then, from the definition of the horizon locking gauge [17], the only
metric component that calculations is Huu = huu(2− guu).
Now, Amm can be expressed as
Amn =
1
2
∫
d4x
√−g Hab∇aum∇bu∗n ,
=
1
2
∫
d4x
√−gHuu∇uum∇uu∗n
=
1
2
∫
dud3x
√−gHuuf(r)√ωmωnei(ωm−ωn)u
(A.5)
To demonstrate the divergence we recall that in the wave packet basis the
summation is converted to an integral according to Eq. (2.25), then Amn
6 In general, f(r) depends on the external potential barrier and can be derived by
solving the corresponding wave equation. Its form in the vicinity of the horizon and in
infinity is given from Eq. (2.19) by f(r) = 1√
4pir
.
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becomes
Amm =
∆t
4pi
∫
d3x
√−gHuuf(r)ωm (A.6)
It is now clear that Amm ∼ ω2 and must be renormalized. This divergence
is also present in the Bijk term, as we show below
Bijk =
1
2
∫
d4x
√−gHab∇au∗j∇bu∗i
βkj
αki
=
1
2
∫
d4x
√−gHuu∇uu∗j∇uu∗i
βkj
αki
= −1
2
∫
dud3x
√−gHuuf(r)√ωiωjei(ωi+ωj)uβkj
αki
(A.7)
=
i
2
∫ ∞
0
du˜ei(ωi+ωj)u˜
∫
d3x
√−gHuuf(r)√ωiωjωj
ωi
(
ωj
ωi
)2+iωk
κ
e
−piωk
κ
=
1
2
δ(ωi + ωj)
∫
d3x
√−gHuuf(r)√ωiωj
(
ωj
ωi
)2+iωk
κ
e
−piωk
κ =
=
∆t
4pi
∫
d3x
√−gHuuf(r)ωi (−1)2+i
ωk
κ e
−piωk
κ .
Where in the fourth line, according to [13] we define u˜ = u+ v0 and the ratio
βkj/αki is taken from Eqs. (2.20)(2.21). For the
∑
ijkBijk we get∑
k
Bjjk =
∆t2
8pi2
∫
dωk (−1)2+i
ωk
κ e
−piωk
κ × i
2
∫
d3x
√−gHuuf(r)ωi (A.8)
=
κ∆t
4pi2
×
∑
j
Ajj
Finally, we substitute the coefficients in Eq. (A.1) and obtain
〈out, 0|0, in〉t =
[
1− i
(
1 +
κ∆t
4pi2
)∑
m
Amm
]
(A.9)
Now, it is possible to calculate the renormalized sum [
∑
mAmm]ren from the
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relations Eqs. (2.28),(2.29)
∆t
2pi
(
1 +
κ∆t
8pi2
)[∑
m
Amm
]
ren
=
1
2
∫
d4x
√−ghab〈T ab〉ren (A.10)
which eventually by applying Eqs. (4.1),(4.10) and also from TH =
κ
2pi
, be-
comes [∑
m
Amm
]
ren
≈ TH∆t
1 + TH∆t
4pi
v
900
(A.11)
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